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solutions of
ordinary
differential

equations

Learning outcomes

When you have completed this Programme you will be able to:

Obtain the nth derivative of the exponential and citcular and
hyperbolic functions

Apply the Leibnitz theorem to derive the nth derivative of a
product of expressions

Use the Leibnitz-Maclaurin method of obtaining a series solution
to a second-order homogeneous differential equation with con-
stant coefficients

Use Frobenius’ method of obtaining a series solution to a second-
order homogeneous differential equation for different cases of the
indicial equation

Apply Frobenius’ method to Bessel's equation to derive Bessel
functions of the first kind

Apply Frobenius’ method to Legendre’s equation to derive
Legendre polynomials

Use Rodrigue’s formula to derive Legendre polynomials and the
generating function to obtain some of their properties

Recognise a Sturm-Liouville system and the orthogonality proper-
ties of its eigenfunctions

Write a polynomial in x as a finite series of Legendre polynomials

271
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Higher derivatives

. dy . T
Ify =sinx Gy = Cosx = sm(x +§)

d_zy_ sinx = sin(x + =) = sin x—l-z—7r

a2~ - o= 2

d3y =—cosx=sin{x+ 3n etc

dx3 B 2 ’

. dly . nw

We see a pattern developing. In general G = Sin (x +?). Before
we go further, we introduce a shorthand notation for the nth

dn
derivative of y as y™ = a)": Note, however, we still use the ‘prime’
notation y’, y” and y” to represent the first, second and third
derivatives respectively.
The results above can therefore be written
Ify=sinx .. y’=cosx=sin(x+%)

"= sinc=sin(x+5)
Yy = -—Ssinx=sin X+2

" o__ Y ( 3_77')
y" =—cosx=sin{x+=

and, in general, y™ = sin (x + %w)
It is therefore possible to write down any particular derivative of sinx
without calculating all the previous derivatives. For example

7
% =y = sin(x +777r) = —COosX

Similarly, starting with y = cosx, we can determine an expression for
the nth derivative of y whichis............

y = cos (x + n—;)

Because

y=cosx ..y =-sinx= cos(x+7—2r)

"_ _ ( 2)
y"=—cosx=cos(x+—

w

7
mo_ _ U
y" =sinx =cos{x+—-] etc

2
sy = cos(x +%7r)

Many of the standard functions can be treated in a similar manner.
For example, if y = e, then y™ = ............
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y" = a"e™

Because

y=€* y' =ae®, y"=a’e" y"=a%" etc
In general, y® = g"e®,

With no great effort, we can now write down expressions for the
following

If y=sinax, y™=..........
f y=cosax, yM=............

— ) — gng nm
y sinax, y a sm(ax+ Z7r)

- (n) _ gn nm
y=cosax, ¥ a cos(ax+ ZW)

Now one more.

fy=Inx, yP=............

- 1 (n—1)!
Y()=(—1) l‘ng)
Because
1
_ r_ =
y=lhnx . y'=-
1
)’”——;5
m_&
=5
3! 1 (m—1)!
4) _ . _ 1
y()__;‘z oy = (1) T

We already know that, if y = Inx, % =y = % =x"1

Therefore, if the result obtained for y is to be valid for n = 1, then
ro (.29
y'=(-1) = %

But y'=x7! SOl=.
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o=1

Now let us consider the derivatives of sinh ax and cosh ax.
Next frame

If y=sinhax, y'=acoshax

y" = a®sinhax
y" =a’coshax  etc.

Because sinhax is not periodic, we cannot proceed as we did with
sin ax. We need to find a general statement for y® containing terms in
sinh ax and in cosh ax, such that, when # is even, the term in cosh ax
disappears and, when n is odd, the term in sinh ax disappears.

This we can do by writing ™ in the form

J,(") — ﬁ;{[l + (=1)"sinhax + [1 — (-1)"] coshax}

In very much the same way, we can determine the nth derivative of
y=coshaxas............

Y _ “7"{[1 — (—1)"sinh ax + [1 + (~1)"] cosh ax}

Finally, let us deal with y = x*.
y=x* .. y=ax"?!

y'=a(a—1)x*2

y" =a(a—1)(a—-2)x*3

YW —a@a-1)(a—2)...(a—n+1)x*"

m__ @ an . .
A P (a is a positive integer)
So, collecting our results together, we have
y=x yo— @ e
(a—n)
= si (n) — a" <i E
y = sinax y a’ sin (ax + 2)
y = cosax y™ = a" cos (ax + %)

y = sinhax y® = Ez'i{[l + (—-1)"]sinh ax + [1 — (—1)"] cosh ax}

n
y = cosh ax y" = %{[l — (-1)"]sinhax + [1 + (—1)"] cosh ax}

Make a note of these, as a set, and then move on to the next frame
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Exercise

Determine the following derivatives

1 y=sin4x YO =
2 y=¢&"2 YO =
3 y=cosh3x ya2 —
4 y=cos(xv2) ya0 =
5 y=x8 YO =
6 y=sinh2x vy =

Finish them all; then check with the next frame

Here are the solutions

1 =4 sin(4x +52—”>= 1024sin<4x +%>= 1024 cos 4x

8
2 Y= (%) /2 = %exﬂ = ¢¥/2/256

12
3 Y12 = 37 {0sinh 3x + 2 cosh 3x} = 3'? cosh 3x

4 Y19 = (v/2)0cos (Ni + %)

= 32cos(xV/2 + 57) = —32 cos(xv'2)
1
5 y© = g—; x% = 20160 x*

6 Yy = %7{[1 + (=1)7]sinh 2x + [1 — (—1)”] cosh 2x}

= 27 cosh 2x

Leibnitz theorem - nth derivative of a product of two
functions

If y = uv, where u and v are functions of x, then

dv du
7 7 !
y'=uv'+vi where v = & and u = P

and y" =w/ +vVu +v’ +uV =u'"v+2uV + /"

If we differentiate the last result and collect like terms, we obtain
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m — uIII.V + 3ullvl + 3uIVII + uV”I

A further stage of differentiation would give
y(4) — u(‘})v + 4u(3) v(l) + 6u(2) V(Z) + 4u(1) v@) + uv(4)

These results can therefore be written

y =uv
y =uv+u
y'=u"v+2uV +uw”

III ulllv+ 3“”‘/ + 3uIVII + u‘/ll

y(4) = u(4)v + 4u(3)v(l) + 6u(2)v(2) + 4u(1)v(3) + uv(4)

Notice that in each case

(a) the superscript of u decreases regularly by 1

(b) the superscript of v increases regularly by 1

(c) the numerical coefficients are the normal binomial coefficients.

Indeed, (uv)™ can be obtained by expanding (u+v)™ using the
binomial theorem where the ‘powers’ are interpreted as derivatives. So
the expression for the nth derivative can therefore be written as

Y0 40y 4 D0 "—("7’21—)u<"—2)v<2>

n(n 1)(n—2)
T Tx2x3

=y 4+ nuVy® 4
nn—1)(n-2)
+ 2

u=3y®

n(n-1) (n—2)1,(2)
—ru

u=3y® 4

Le. Y0 — My 118G, DY) 4 nCyn-Dy@ o
+ nCn_lu(l)v('lfl) + uv(”)

n!
n J—
where "C, = Tl )
n
Ify=uv Y =>""Coul v where u¥ =u
r=0
This is the Leibnitz theorem. We shall certainly be using it often in the
work ahead, so make a note of it for future reference. Then we can see
it in use.
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Choice of function for v and v
For the product y = uv the function taken as

(a) u is the one whose nth derivative can readily be obtained
(b) v is the one whose derivatives reduce to zero after a small number
of stages of differentiation.

Example 1
To find y™ when y = x3¢%*.
Here we choose v =x3 — whose fourth derivative is zero
u=e** — because we know that the nth derivative

u™ = 2me?

Using the Leibnitz theorem:

Y — 40y a1y 1) % 41=2)2)

D02
v=x3% v =3x% V@ =6x v =6 v¥=0

u=e*; u"=2">

Yy =22 3(8x3 + 12nx® +n(n— 1) 6x + n(n—1)(n - 2)}

Example 2
If x2y” + xy’ +y = 0, show that
2y 4 (2n+ 1) xy™D 4 (n2 +1)y™ = 0.
We take the given equation x2y” +xy’+y =0 and differentiate
n times, treating each term in turn.
If w=x%" wW=_........
If w=xy wit =
fw=y wi =
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_ 2 Co ) _ 42) 42 (n+1) n(n—1)
w=x%y Lot =y 4y D 2 4 == y®24+0...
w=2xy' Sow =y Dy Ly Lo
w=y Sow =y

Then [x%y" +xy’ +y] "_0 becomes

2y™2 L 20+ Dxy™D) 4 (2 +1)y™ =0

which is what we had to show.

Example 3

Differentiate n times
(1+x3)y" +2xy’ — 5y =0.

Theresult............

A+ x2) YD L 2(n+ 1) xy™D 4 2 +n—5)y™M =0

Because, by the Leibnitz theorem

{y("+2)(1 +x%) + ny™ ) 2x + n_(nZT_l) y(")z}

+ Z{xy("“) +ny®™ . 1} —5y™ =0
(1+22) Y™ 4+ 2(n+ 1) xy™D + {n(n— 1) +2n - 5}y™ =0
(14+x2)y™2 L 2(n+ 1) xp™D 4 (n® 4+ n—5)y™=0

We shall be using the Leibnitz theorem in the rest of this Programme,
so let us move on to see some of its applications.

Second-order linear differential equations with constant coefficients of

&y dy
the form a o2 + ba
giving solutions in terms of the normal elementary functions such as

exponentials, trigonometric and polynomial functions.

+cy =0 can be solved by algebraic methods
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2
In general, equations of the form % + P (x) % + Q(x)y =0, where
P(x) and Q(x) are functions of x, cannot be solved in this way.
However, it is often possible to obtain solutions in the form of infinite
series of powers of x — and the next section of work investigates some

of the methods which make this possible.

1 Leibnitz-Maclaurin method

As the title suggests, for this we need to be familiar with the Leibnitz
theorem and with Maclaurin's series.

The Leibnitz theorem states that, if y =uv, where u and v are
functions of x, then

um-2y@ 4

Y — 4y | =Dy (1) | %

+n(n—1)...(n—r+1)'

. Y0 4 ™

T T
where 4™ and v denote % and gxt

respectively.

Maclaurin’s series for y = f (x) can be stated as

x2 x"
Y=o +x0)o +§(}V”)o +... +m (y(n))o +-.-

where (y™), denotes the value of the nth derivative of y at x = 0.

On to the next frame

Example 1

Find the power series solution of the equation
&y, &y
dx2 * dx
The equation can be written
xp"+y +xy=1

b ¢ +xy=1

In the first product term xy”, treat y” as u and x as v. Then,
differentiating the equation » times by the Leibnitz theorem, gives
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(Xy(n+2) +n-1 .y(n+1)) 4D 4 (xy(") +n-1 _y(n—l)) -0
ie. P2 4 (n+ 1yt +xy® 4 myD =0

At x = 0, this becomes
(n + 1) (y(n+1)) + n(y(n—l)) =0

- (y(n+1))o — _n T (y(n— ) n> 1

This relationship is called a recurrence relation.

We can now substitute n =1, 2, 3, ... and get a set of relationships
between the various coefficients.

n=1  (y")o=-30)

n=2 ¢"=-30")

n=3  (o=-30"0= D20

Continuing in the same way,

) P

GNg=-eeeeennnnn.

(L) PR

G®)o=eviinnnnn
R T T
n=5 (99 =-30")o=(-2=D =)o
n=6 = —$0% - -H(-D-DoO,
n=7  ¢)=-§090= (-9 D (=)o

Notice that, by this means, the values of all the derivatives at x = 0 can
be expressed in terms of (y), and (y'),.
If we now substitute these values for (y), in the Maclaurin series

x? x3 X
y=Wo+x0o+570Mo+ 300+ + 5 o +

weobtain ............




Power series solutions of ordinary differential equations 281

y =)o +x0%+ 5 (-3) o +5 (-2) 0
o3
Wz (-%) (_%) (—%) Dot eeereeees

Simplifying, this gives
x2 x* x6
Y= (y)o{l_ii+zz x4 2Zx & x 62+"'}
x3 x°
+ (}/I)O{X—?-Fm-!- }
The values of (y), and (y’), provide the two arbitrary constants for the

second-order equation and are obtained from the given initial
conditions.

@ _

i 1, then the relevant

For example, if at x=0, y=2 and

particular solution is ............

¥2 ! %6
y=z{1_?+22x42~22x42x62+"'}
x3 x°
+{"‘3—z+m+---}

Because at x =0, y=2 1ie (¥); =2

d .
EI% =1 ie (¥)y=1
To be a valid solution, the series obtained must converge. Application
of the ratio test will normally indicate any restrictions on the values
that x may have.
The Leibnitz-Maclaurin (power series) method therefore involves
the following main steps:
(a) Differentiate the given equation n times, using the Leibnitz
theorem.
(b) Rearrange the result to obtain the recurrence relation at x = 0.
(c) Determine the values of the derivatives at x = 0, usually in terms of
(»)o and (y")o-
(d) Substitute in the Maclaurin expansion for y = f (x).
(e) Simplify the result where possible and apply boundary conditions
if provided.

That is all there is to it. Let us go through the various steps with
another example. 2
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Example 2
Determine a series solution of the equation

dy .
@+xa+y—0.

The equation can be written y” +xy'+y =0
(a) Differentiate n times using the Leibnitz theorem, which gives

YD 4 x4 (n+ 1)y™ =0

Because y” +xy’+y =0
ooy {xy(n+1) +n-1 .y(n)} +y™ =0
oY) ) 4 1yy™ =,
(b) Determine the recurrence relation at x = 0, which is

P = —(n+ 1)y

(c) Now taking n=0, 1, 2, 3, 4, 5, determine the derivatives at x =0
in terms of (y), and (y’),. List them, as we did before, in table form.

n=0 "% =-0) =—0o
1 0o=-20" ==2(")o
2 () =-30"0=)-00 =30

3 (9o = 40" = (-9[-20"a =2x 40
4 (79)g = =5 (@) = (-5)[-30")o] =3 x5 (g
5 (M) =69 = (~6)[=4(r")o] = =2 x 4 x 6 ()

(d) Substitute these expressions for the derivatives in terms of (y), and
(¥")o in Maclaurin’s expansion

’ x? " x3 m x*
y=o+x(y )o+ﬁ(}’ )0+§(}’ )o+a(}’(4))0+---




Power series solutions of ordinary differential equations 283

N X2 X3 'S .,
Y=o+ 2o+ 57 (=¥)o + 37 (=2¥")0 + 27 3¥)o +57(8Y)o

x6 x7 ,
+a(—15}’)0 +7"(—48y )0 +...

Collecting now the terms in (y), and (y’),, we finally obtain
x  xt x8
VZ(V)O{I_7+2><4_2x4x6+"‘}

+ (o x £+ al i +
Po*~3+3%5 3x5x7 T

They are all done in very much the same way. Here is another.

Example 3
. d’ dy )
Solve the equation a2 + & + 2xy =0 given that at x =0, y =0 and
dy _
=1

First write the equation as y” + y’ + 2xy = 0, differentiate n times by
the Leibnitz theorem and obtain the recurrence relation at x =0,
whichis............

yn2) = {y(n+1) + zny(n—l)} n>1

Because y” +y' +2xy =0
y(n+2) + y(n+1) 3 ny(n) + nzy(n—l) =0
Atx =0, YD) g kD) | o1 — g
R o {y(n+1) + zny(n—l)}
Since we have a term in y~1), then n must start at 1 to give (y),.
Therefore the recurrence relation applies for n > 1.

We now taken =1, 2, 3,... to obtain the relationships between the
coefficients up to (¥(9),. Complete the table and check with the next
frame.
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e = {0 + 2010}
0o = —{(r®) + 40"}
) =—{®)o +6(r?),}
) = —{(r®)o + 8o}

2T X R
Il
AW N

We therefore have expressions for (y"),, (¥®)g, ®)o, (¥©)),, but what
about (y")y?
If we refer to the initial conditions, we know thatat x =0, y = 0 and

y'=1L .. (=0 and (y)=1
We can find (y”), by reference to the given equation itself, because

y'+y' +2xy=0
Therefore, at x=0, (¥")o+(#)o=0 .. ("")o=—(")=—1.
So now we have (y), =0

()0 =1
0" = -1
0" = {00 +20)}  =-{(-D+0} =1

o = {0 +40"0} =-{1+4 =-5

Do = —{(/D)o +6(r")o} =—{(-5)-6} =11

o = {0/ +8(p")o} =—{11+8} =-19
The required series solution is therefore

_oox2 x3 5xt 11x5 19x6
TR TR TR T

Because
' xZ " x3 " xt (4)
= Vo0l 4310+ 500 + 0o
o +6
—0+X(1)+ (1)+ (1)+ (5)+ (11)+ 7(—19)
oL ox2 X8 5x4 11x5 19x6
VEXT TR T T TR T el

One more of the same kind.

Example 4
Determine the general series solution of the equation
P +1)y"+xy'—4y=0
As usual, establish the recurrence relation at x = 0, which is
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y(n+2) — (4 _ nZ)y(n)

Because
(x> +1)y" +xy' —4y =0 therefore
{(x2 + 1)y™2) 4 2xpy ™) 4 Zﬂnz:—l)y(")} + {xy“’“) + ny(")}— 4y™
=0
At x = 0, this becomes
Y™ L nn - 1)y™ + my™ — 4y = 0 thatis y™+2 = (4 —n?)y®

Then, starting with n =0, determine expressions for (y), as far as

n=7.
They are ............
n=0 ("o =40 =4(y)o
n=1 "o =300 =300
n=2 () =0 ~0
n=3 () =-50") =-150")
n=4 (9 =-12(*) =0
n=5 (), =-21(), = (-21)(-15)(y"),

Now substitute in Maclaurin’s expansion and simplify the result.

3 S x

_ 2 ¥ X ¥
y=A(1+2x )+B{x+2 3 +16+...}

Because
y=0)o+x0"0 +x§ "o +’;—3!(y’”)o +1_T(V(4))0 +.
— Do+ 20 o+ 540D+ 530 o + 2 (0) + 5 (—18)( )y + et
= (o{l+22*}+ (") {x+x2—3—§5+;—;+...}

Putting (y), = A and ('), = B, we have the result stated.
Now to something slightly different
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2 Frobenius' method

In each of the previous examples, we established the solution as a
power series in integral powers of x. Such a solution is not always
possible and a more general method is to assume a trial solution of the
form

y=x{ao+ax+ax* +azx> +...+ax +..}

where ag is the first coefficient that is not zero.
The type of equation that can be solved by this method is of the
form

V' +Py'+ Q=0
where P and Q are functions of x.

However, certain conditions have to be satisfied.

(a) If the functions P and Q are such that both are finite when x is put
equal to zero, x = 0 is called an ordinary point of the equation.

(b) If xP and x2Q remain finite at x = 0, then x = 0 is called a regular
singular point of the equation.

In both of these cases, the method of Frobenius can be applied.

(c) If, however, P and Q do not satisfy either of these conditions stated
in (a) or (b), then x =0 is called an irregular singular point of the
equation and the method of Frobenius cannot be applied.

Solution of differential equations by the method of
Frobenius

To solve a given equation, we have to find the coefficients ay, 41, ds, . . .
and also the index c in the trial solution. Basically, the steps in the
method are as follows

(a) Differentiate the trial series as required.

(b) Substitute the results in the given differential equation.

(c) Equate coefficients of corresponding powers of x on each side of
the equation.

The following examples will demonstrate the method — so move on
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Example 1

Find a series solution for the equation

2
Zx% + % +y=0.
The equation can be written as 2xy” +y’ +y =0.
Assume a solution of the form
y=x{ao+mx+ax*+a3x>+...+ax +..}  ao#0.
Ly =aoX Farx T a4 axt 4.

Differentiating term by term, we get

y' =aocx L +aj(c+ D)X +az(c+2)x T . ta(cHr)xtT 4

Repeating the process one stage further, we have

Y= (give yourself plenty of room)

y" =aoc(c — 1)x2 tajc(c + DX+ azg(c+ 1) (c+2)x +...
+ac+r—1D(c+nxH2 4. ..

So far, we have 2xy"+y'+y=0
Yy=aoxX +ax T apx 2+ paxt 4.
y =aocx P tay(c+1)x +ay(c+2)x T+ ...
+ac+r)xttg
y" =aoc(c— Dx 2 +arcc+ D +ag(c+1)(c+2)x + ...
+a(c+r—1(c+rxT2+...
Considering each term of the equation in turn
2xy" = 2aoc(c — 1)x°" + 2a1¢(c + 1)x° + 2a(c + 1) (c + 2)x 1
+odacHr—1)(c+nxt 4
Yy =apcx ' +ai(c+ )X +ax(c+2)x 1+ ...
+ap(c+r)x+ L.
Yy =aoX +a x4 daxtt 4
Adding these three lines to form the left-hand side of the equation, we

can equate the total coefficient of each power of x to zero, since the
right-hand side is zero.
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x71:  2apc(c—1)+aoc=0
. apc(2c—1)=0
So, [x“71] gives apc(2c—1)=0 (1)

Similarly, [x] gives ............

2a1c(c+ 1) +a1(c+1)+ap=0

Simplifying, this becomes

a1(2c2+3c+1)+ao=0
ie. a@mc+1)(2c+1)+ap=0 2

Also [x“"1] gives ............

2ax(c+1)(c+2)+ax(c+2)+a1 =0

and this simplifies straight away to

az(c+2)(2c+3)+a; =0 3)
Note that the coefficient of x° involves all three lines of the
expressions and, from then on, a general relationship can be obtained
for x+7, r > 0.

In the expression for 2xy” and y’ we have terms in x**+"~1. If we
replace r by (r + 1), we shall obtain the corresponding terms in x°*7.

In the series for 2xy”, thisis 2d,.1(c+7r)(c+r+1)x°+"

In the series for y’, this is  a,1(c+ 7+ 1)x+"

In the series for y, this is a,x°+7

Therefore, equating the total coefficient of x‘*" to zero, we have

2ar 1 (c+r)(c+r+ D)+ ara(c+r+1)+a. =0

and this tidies up to

ar{(c+r+1)(2c+2r+ 1)} +a,=0 (4)
Make a note of results (1), (2), (3) and (4): we shall return to them in
due course.

Then move on
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Indicial equation

Equation (1), formed from the coefficient of the lowest power of x,
that is x 1, is called the indicial equation from which the values of c can
be obtained. In the present example agc(2c — 1) =0

T

c=0 or %, since ag # 0, by definition

Both values of ¢ are valid, so that we have two possible solutions of the
given equation. We will consider each in turn.

(@) Usingc=0
(2) gives a1(1)(1) +ao=0 .. a1 =—ap
Similarly

az(Z)(3) +a; =0

_al_ao
2x3 2x3

—dr
R — A — >
fre1 r+1)2r+1) rz0

From the combined series, the term in x° and all subsequent terms
involve all three lines and the coefficient of the general term can be

a;=-ap and a;=

and from (4)

used.
So we have a; = —ap and a,41 = (Tﬂﬁ——;rr-!-—l_) forr=0,1,2,...
. _ —a1 _ o
"= 5337 2x3
gy = =% _ —do
3x5 (2x3)3x5)
ag 43 _ 40 etc.

T 4x7 (2x3x4(Bx5x7)

ao a
2 x 3)"2_(zx3)?3 x 5)"3+'“}

Soy= Xo{ao — aopXx +

) x2 x3 x*
- ”=“°{1""+(2)(3)’(2x3)(3x5)+(zx3x4)(3x5><7)+"'}

Now we go through the same steps using our second value for ¢, i.e.
c=1.
Next frame
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(b) Usingc=1
Our equations relating the coefficients were

aoc(2c—1) =0 which gave c¢=0or c=3} (1)
a1(c+1)2c+1)+ap=0 2)
az(c+2)(2c+3)+a; =0 3)
ari(c+r+1)(2c+2r+1)+a, =0 (4)

Putting c =1 in (2) gives ............

a
a -2
Similarly (3) gives a= ‘% -3 :010

and from the general relationship, (4), we have ............

—a,
=y 1)(2r + 3)

So 111"—‘—%
= — a _ ap
277 2%x5 (1x2)(3x5)
a3 = — a  _ —do
3x7 (I1x2x3)(3x5x%x7)
ag = % do etc.

T4x9 (1x2x3x4)(3x5x7x09)

y=x{ao+ax+ax®> +asx*+...+ax +..}
ie. y=............
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— ok _ a0 2 do 3
”"‘z{“" 3 T Ix2)B3x5)" [ITx2x3)Bx5x7)" +}
ie. y=apdll— X 4 X - x +
€ VAR T A3 Tax2)Bx5) (Ax2x3)Bx5x7)

Since ay is an arbitrary (non-zero) constant in each solution, its values
may well be different, A and B say. If we denote the first solution by
u(x) and the second by v(x), then

x? x3 x4
uzA{l_x+(2x3)_(2x3)(3x5)+(2x3x4)(3><5x7)+"'}
and
1 X x? x3
"=B"2{1_(1x3)+(1xz)(axs)‘ax2x3)(3x5x7)+“'}

The general solution y =u+v is therefore ............

x? x3 i X
y=A{1_x+(Zx3)_(2x3)(3><5)+"'} +B"2{1_(1><3)

x2 x3
+(1><z)(3><5)_(1x2x3)(3x5><7)+'“}

The method may seem somewhat lengthy, but we have set it out in
detail. It is a straightforward routine. Here is another example with the
same steps.

Example 2
Find the series solution for the equation
3x%y" —xy' +y—xy=0.

We proceed in just the same way as in the previous example.
Assume y=x4ao+amx+ax®>+azx® +...+ax +...}
ie. y=aoxX* +a;x*t*t fapx*t? 4. paxtt ...

Ly =aoex t+aj(c+ )X +az(c+2)x 1 4.

+a(c+rxtly
and Y=
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y"=aoc(c—1)x 2+ ai(c+ DNex* P+ ax(c+2)(c+1)x° + ...
+a(c+r)(c+r—1)x2 4 .

Now we build up the terms in the given equation.
3x%y" = 3apc(c — )x + 3ar(c+ Dex* 1 4+ 3az(c + 2)(c + 1)x+2 4 ...
+3a(c+r)(c+r—-1)x"+...

—xy' =—apcx’ —a;(c+ )X —ap(c + 2)x*2 — . —a(c+ )Xt —...
y=aoX + ax Tl fapx T4 faxttt 4.
—xy = —aox* Tl —ayxt% - [ —agxttTl

The indicial equation, i.e. equating the coefficient of the lowest power
of x to zero, gives the values of c. Thus, in this case

Because the lowest power is x° and the coefficient of x° equated to
zero gives

3apc(c —1) —apc+ap =0
. ap(3¢2—4c+1)=0 .. (3c—1)(c—1)=0 since ao #0

1
- =1 -
c or 3

The coefficient of the general term, i.e. x**" gives
3a,(c+r)(c+r—1)—a(c+r)+a,—a,_1 =0

_ Ar—1 _ ar_1
3c+r)®—4(c+n+1 (€+r—-1)3c+3r-1)

ar

(a) Using c = 1 the recurrence relation becomes

_ 4ra
= rGrv2)
dao
r=1 =
r N=1xs
_ _oar (714}

r=2 R T Ax2)(5x8)
r=3 as 2 do

T3x11 (Ix2x3)(5x8x11)
Our first solution is therefore
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2 3
| apX aopX apX
y=x {“°+(1x5)+(1xz)(5x8)+(1><2><3)(5x3x11)+"'}

. X x? x3
: y_Ax{1+(1x5)+(1x2)(5><8)+(1x2><3)(5><8x11)+"'}

(b) For the second solution, we put ¢ = % The recurrence relation then
becomes

Ar_1

o GBr-2)

Therefore we can now determine the coefficients forr =1, 2, 3,...and
complete the second solution.

x2 x
2x8)  2x3)@x7)

y=Bx%{1 +x+

x4
+(2><3x4)(4x7x10)+"'}

Because
ar = ap | dy — ay [71y)
TS 272x4 (Ix2)(2x4)
a ap
a3= =
3x7 (2x3)4x7)
da = as . do
*TEx10 (2x3x4)(4x7x10)
x? X3

y=aox%{1+x+(2x4)+(zx3)(4x7)

¥
+(2x3><4)(4><7x10)+"'}

Therefore, the general solution is
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x x2 x3
yzAx{1+(1x5)+(1xZ)(5x8)+(1><2><3)(5><8><11)+"'}

') PYPRE. S x + a +
(2x4) (2x3)(4x7) (2x3x4)(4x7x10)
Example 3
Find the series solution for the equation
2
%—y:O ie. y"—y=0.

As usual, we start off with the assumed solution
y=x{ap+ax+ax®>+...+ax +..}
ie. y=apxX +ax*t 4axt? 4 axt ...
y' =aocx* ' +ai(c+ 1)x° +az(c+ 2)x*+ + ...
+a(c+rxtty .
y" =apc(c —1)x 2+ ay(c+ Dax“ P+ arc+2)(c+ )X +...
+ac+n)(c+r—1x*+2 4 .

These three expansions are required regularly, so make a note of them

Now we build up the terms in the left-hand side of the equation.
y" =aoc(c —D)x 2 +ay(c+Dex  +ap(c+2)(c+1)x° +...
+a(c+r)(c+r—1)x+"24 .
y=aoX+ax* .. 4axt 4. ..
The term in x“*" in the first of these expansions is

Ario(c+ 71+ 2)(c+ 1+ 1)x*

Because replacing r by (r+2) in a,(c +7)(c+r+ 1)x¥"-2 gives this
result.

Theny”" —y=............
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y" —y =aoc(c — 1)x 2 +ay(c+ 1)ex* + [az(c + 2)(c + 1) — ao]x°
+oeetarpcHr+2)(c+r+ 1) —a x4 ..

We now equate each coefficient in turn to zero, since the right-hand
side of the equation is zero. The coefficient of the lowest power of x
gives the indicial equation from which we obtain the values of c.

So, in this case, C=iennnnnnn.

c=0 or 1

For the term in x* 1, we have
1 ai(c+1)c=0.
Withc=1, a; =0.

But with ¢ = 0, a; is indeterminate, because any value of a; combined
with the zero value of ¢ would make the product zero.

C7. _ — . — _—ao
KT ac+2)(c+1)—ao=0 .. %= DY)
For the general term
7
g = Gr
T crr+)(c+r+2)

Because a,.2(c +r+ 2)(c + 1+ 1) —a, = 0. Hence the result above.
From the indicial equation, c=0or c = 1.

(@) Whenc=0 a; is indeterminate
4y =%
272
a
I al = T
n gener ary 2 TSV
_ . _a
r=1 .. ag———zx?’
- __ B _4
r=2 =333

Therefore, one solution is ............
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_ 40 9 2 91,3 4o 4
y=x {ao+a1x+5x +30 g }

. x2  xt x3 x5
ie. y=ap 1+§+I+... +ar{xX+54+=+...

3t 5!
ap and a; are arbitrary constants depending on the boundary
conditions.
. 2 x4 B x5
s y:A{l N TR TR } +B{x+—3—!+-§+...}

Notice that these two series are the Maclaurin series expansions of the
hyperbolic functions, so that

y =Acoshx+ Bsinhx

It is not very often the case that the series solution is so easily
expressible in terms of known functions.

(b) Similarly,
whenc=1 a =0
as = il
275%3
a,-+z= ............
Apig = —
2T r+2)r+3)
a1 =0
_ %
az—ﬁ
ai
:1 = —_—
r % 3x4 0
_ __% _
r=2 “=3x5T
r=3 a5—5x6_0 etc.

A second solution with ¢ = 1 is therefore
Y=,
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B X
y=ao{x+—§+—5—!+...}

and, because ao is an arbitrary constant

B x5 X
y= C{X+§+§+ﬂ+...}
Note: This is not, in fact, a separate solution, since it already forms the
second series in the solution for ¢ = 0 obtained previously. Therefore,
the first solution, with its two arbitrary constants, A and B, gives the
general solution. This happens when the two values of ¢ differ by an
integer.

Make a note of the following:

If the two values of ¢, i.e. ¢; and ¢, differ by an integer, and if c =
results in a; being indeterminate, then this value of ¢ gives the
general solution.

The solution resulting from ¢ = ¢; is then merely a multiple of one
of the series forming the first solution.

Our last problem was an example of this.
So far, we have met two distinct cases concerning the two roots ¢ = ¢;
and ¢ = ¢, of the indicial equation.

(@) If c1 and c; differ by a quantity NOT an integer then two independent
solutions, y = u(x) and y = v(x), are obtained. The general solution
is then y = Au+ Bv.

(b) If c1 and c; differ by an integer, i.e. c; = ¢1 + n, and if one coefficient
(ar) is indeterminate when ¢ = c;, the complete general solution is
given by using this value of c. Using ¢ = ¢; + n gives a series which
is a simple multiple of one of the series in the first solution.

Make a note of these two points in your record book. Then move on

There is a third category to be added to (a) and (b) above.

(c) If the roots ¢ = c¢; and ¢ = c¢; + n of the indicial equation differ by
an integer and one coefficient (q,) becomes infinite when
¢ = ¢, the series is rewritten with ao replaced by k(c — c1).

Putting ¢ = ¢; in the rewritten series and that of its derivative with
respect to ¢ gives two independent solutions.

Add this to the previous two. Then we will see how it works in practice
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Example 4

Find the series solution of the equation
xy"+(2+x)y' —2y=0.

Using y = x“(ag + a1x + axx*> + azx® + ...+ a,x" +...) and its first two
derivatives, the expansions for

Method as before.

1" =aoc(c — x4 ay(c+ Dex +az(c +2)(c + 1)x + ..
+a(c+r)(c+r—1)x 14 .
2y’ = 2a0cx“! + 2a;(c + 1)x° + 2az(c + 2)x°* + 2a3(c + 3)x+?
+.oH 2a(cH+ D)L
Xy’ = agcx® +ar(c+ D)X+ £ az(c+2)ct2 4 ...
+a(c+nxtT+...
—2y = —2a0x° — 241X — 2a,x1? — 2a3x“t3 — ..
- 2a, X — |,

From which, the indicial equation is ............

ao(c?+¢)=0

i.e. equating the coefficient of the lowest power of x, (x~1), to zero.
ap#£0 S.c=0 or -1

Also, from the expansions, the total coefficient of x¢ gives

—ap(c —2)

N )

From the terms in x¢, all four expansions are involved, so we can form
the recurrence relation from the coefficient of x“*'.
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—ar(c+r1r—2)
(c+r+1)(c+r+2)

Ary1 =

Because
ari(c+r+1)(c+r1) +2ar1(c+r+ 1) +a(c+r)—2a,=0
ar(c+r+D)(c+r+2) +a(c+r—2)=0

. —a,(c+r—2)
= >
M T D+ r + 2) rz0
Ay = ............

_aglc—=1)(c-2)
T (c+1)(c+2)%(c+3)

and, from the recurrence relation, when r = 2

—apc(c—1)(c—2)
a3 = 2 2
(c+1)(c+2)*(c+3)(c+4)

Y D (€-1)(c-2) 2
e {1 CHDE+2) e+ 1)c+27(Cc+3)

B c(c—1)(c—2) B
C+D(c+2)%c+3)>%c+4)

From the indicial equation above, the values of c are 0 and —1.

Putting ¢ = 0, we have one solution

frecd)
y=u=ado 1+x+?

Note that coefficients after the x2 term are zero, because of the factor ¢
in the numerator.

Putting c = —1, we soon find that ............
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coefficients become infinite, because of
the factor (c + 1) in the denominator.

Therefore, we substitute ap = k(c — 1) = k(c — [-1]) = k(c + 1).
C oo Ji__ €=2 (c=1=-2) .,
S y=k(c+1)x {1 (C+1)(C+2)x+(C+1)(C+2)2(C+3)x
_ c(c—1)(c-2) Bt
€+ 1)(c+2)%(c+3)%(c+4) B
_c—zx (c-1)(c-2) 2
€+27  (c+2)%(c+3)

B clc—1)(c—-2) B4
(c+2)%(c+3)%(c+4)

= kx‘{(c+ 1)

Now, putting ¢ = —1:

3
y= kx‘1{3x 3% 4 "7}

All subsequent terms are zero, since the numerators all contain a factor
(c+1).

x2
R y=v={3+3x+7}

is a solution.
A solution is also given by % =0.
So, starting from
—C_2x+ (c— 1)z(c—2) 2
c+2  (c+2)*(c+3)
__ cde=1)(c-2) B+
(c+2)%(c+3)%(c+4)
c—2 (c-1D(c-2) ,
X+ X
c+2°  (c+2)%*(c+3)
ce-1)(c-2) B4
(€+2)*(c+3)*(c+4)

+kx‘% {(c+1)—c—zx+ (€-1e=2) x2—...}

y=kx‘{(c+ 1)

O _1ne
%—kx lnx{(c+1)—

c+27  (c+2)*(c+3)
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We now have to determine the partial derivative of each term.

Q_{c—z}_ 4
oc\c+2) (c+2)?

Now we have to differentiate Lc—l)zLZ)
(c+2)(c+3)
c—1)(c—2)

et = 2 e+ 3)

“ Int=In(c-1)+1In(c-2)-2In(c+2) —In(c+ 3)
1ot 1 1 2 1
"t c-1 ' ¢c—2 c+2 c+3
ot (c-1)(c-2) 1 1 2 1
’ &_(c+z)2(c+3){c—1 c—z_c+z—c+3}

7]
whenc = -1, 52(c+1)=1
0 [c-2
&{c+2}_4

o fe-1e-2)) _
oc (C+2)2(C—|—3) T

-10

Therefore, when ¢ = —1:

2
+ k{1 -4x-10x%+..}

3
%zkx‘llnx{0+3x+3x2+x—+...}

.. Another solution is

2
y=w=C{lnx(3+3x+%+...)+x‘1(1—4x—10x2+...)}
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Now we have a problem, for we seem to have three separate series
solutions for a second-order differential equation.

XZ
(@ y=u=A <1+x+—6—)
xZ
®) y=v=B(3+3x+—Z—)
2
O y=w=Cllnx(3+3x+% +... ) +x 11 —4x— 10853 +...
4 2
But (b) is clearly a simple multiple of (a) and thus not a distinct

solution. So finally, we have just (a) and (c).

xZ
i.e. y=u=A <1+x+€)

2
and y=W=B{ln x (3+3x+%+...)+x‘1(1—4x—10x3+...)}

The complete solution is then y=u+w
In general if c; — c; = n where n is a non-zero integer the solution is of
the form:

y= 1 +klnx)x*{ao + a1x + azx®> + ...} + x2{bo + byx + box* + ...}

Finally we have just one more variation to the list in Frames 67 and 68,
S0 move on

Example 5

Solve the equation xy” +y’' —xy=0.

Start off as before and build up expansions for the terms in the left-
hand side of the equation.

xy" = aoc(c — Dxt +ag(c+ D)ex’ +az(c +2)(c + 1)x+ + ...
+acH+n(c+r—1)x 14
y =aocx P+ ar(c+ x4+ az(c+2)x 1 ...
+a(c+r)xtl

—xy = —apx°t! — ayx
_arxc+r+1 N

c+2

The indicial equation, therefore, givesc=............
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c=0 (twice)

Because ap {c(c—1)+¢c} =0 ao#0 .. =0 .. ¢=0 (twice)
Coefficient of x¢ gives

ay = 0
[x]: al(+c+c+1)=0 .. a(c+1)*=0 .. a;=0
[x+1]: This involves all three expansions and from this point,

we can use the general recurrence relation.
11 a{(c+n)(c+r—1)+(c+1}—-a,2=0

ar—
Lacrn?=a,_, .. a= z J: :)Z

y=x{ao+—2 Sx2 4 Zo Xt
(c+2) (c+2)(c+4)

1 x2 x?
i.e. =apx<{1+ + +...
y=do €+27 (c+272(c+a)
S, Whenc=0
x2 x4
y=u=A{1+i+m+...} (1)
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This is one solution. Another is given by v = %

dy . x2 x*
— =qgox‘Inx< 1+ + +...
o~ "° €+2? (c+2>2(c+4?

+ax‘i9— 1+ x + X +
ol T cr2)?  cr22craE

0 0 1 -2
Now &(1) =0 &{(c+2)2} - (c+2)°

1

f=—oy——— Int=-2In(c+2)—-2In(c+ 4
(c + 2)%(c + 4)* (c+2) €+9)
106 -2 2 8 -2 11
toc c+2 c+4 0 (c+2)2c+4)?\lc+2 c+4
oy . x2 x*
Lot =aox*Inx{1+ + +...
ac—° { c+2)% " (c+2)%(c+4)7
2 4
+ apx< 0 — 2x 3= 4X(3c+3) g+
(c+2) (c+2)(c+4)
. Whenc=0

x2 x4 x2 3x*
y=v—B{lnx(1+ﬁ+m+...)—?—m-l—...} (Z)

So our two solutions are y =u (at 1) and y =v (at 2). The complete
solution is therefore y =u+v.

In general if ¢; = ¢ = ¢ the solution is of the form

y=1+kinx)x{ao + a1x + azx® + ...} + x{b1x + byx* + ...}
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Summary

Let us now summarise the four types of procedures in the method of
Frobenius that we have covered.

(a) Assume a series of the form
y=x(ao+ax+axx*+...+ax +..)
(b) Indicial equation gives ¢ =¢; and ¢ = c,.
(c) Case 1. ¢; and c;, differ by a quantity not an integer. Substitute ¢ = ¢;
and ¢ = ¢; in the series for y.

(d) Case 2. ¢; and c, differ by an integer and make a coefficient
indeterminate with ¢ = ¢;. Substitution of ¢ = ¢; gives the complete
solution.

(e) Case 3. c; and ¢; (c1 < ¢p) differ by an integer and make a coefficient
infinite for ¢ = ¢;. Replace ap by k (¢ —¢1). Put c =¢; in the new

4

series for y and for 3

In general if ¢; — c; = n where n is a non-zero integer, the solution
is of the form

Y= +klnx)x"{ao + ax + axx*> + ...} + x2{bg + b1x + box* + ...}

() Case 4. c1 and c; equal. Substitute c = ¢; in the series for y and for

4
oc
In general if ¢; = c; = ¢, the solution is of the form
Y= +kInx)x{ap + a1x + axx* + ...} + x{b1x + byx*> + ...}
Make a note of this summary for future reference

Make the substitution after differentiating.

Bessel's equation

A second-order differential equation that occurs frequently in
branches of technology is of the form

2y" +xy + (- V2)y =0
where v is a real constant.

Starting with y =x%(ao + aix +azx®> +a3x3 +... +ax +...) and
proceeding as before, we obtain

c=2v and a4; =0

L ar_
The recurrence relation is @, = ———2—
V2—(c+r)

It follows that ¢y = a3 =as=ay=...=0

forr > 2.

andthat a;=............ 7 P, S A6 = .eiiinn...
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ag = ——q‘()—‘—; as = - '
V= (c+2) [ - c+27] [2 - (c+97]

a
6= [vz —(c+ 2)2] [vz - (c0+ 4)2] [vz —(c+ 6)2]

. Whenc=+4+v ay=............ ; A4 = eeernnenn..
A6 = cvevinnnnnn ; Ar = ciiiiieinn.
@ = —do . e = ao
2T 2yr1) tT X2+ (v + 2)
_ —4o
% = X 3w+ )V +2)(v+ 3)
_1y1/2
a, (1™ for r even

X2+ H(v+2)...(v+7/2)

The resulting series solution is therefore

=u=Ax"{1- X + Xt
y=u= 2+l 2 x20+ D@ +2)

x6
T2 X3l 1)(v+2)(v+3)+"'}

This is valid provided v is not a negative integer.

Similarly, when c = —v
x2 x*
Zy_1)  Zx2F-1)v=2)

y=w=Bx“’{1+

x6
+26x3!(v—1)(v—2)(v—3)+"'}

This is valid provided v is not a positive integer.

Except for these two restrictions, the complete solution of Bessel’s
equation is therefore y =u+ w with the two arbitrary constants A
and B.
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Bessel functions
It is convenient to present the two results obtained above in terms of
gamma functions, remembering that for x > 0

T(x+ 1) = xI'(x)
F'x+2)=x+1)I'(x+1)=(x+1)xI'(x)
Fx+3)=x+2)I'(x+2)=(x+2)(x+ 1)xI'(x), etc.

If, at the same time, we assign to the arbitrary constant ao the value
1

2T(v+1)
a) =

then we have, for c =v
do _ o _ 4o
V2—(c+2)? (v-c-2)(v+c+2) -2(2v+2)
-1 1 -1
T 2w+ 1) 2T(w+1) 2NV +2)

Similarly g =.ccovenenn.

as

T 27H42NT(v + 3)

Because
az _ az _ az
V—(c+4)> (V-c—4)(v+c+4) —4(2v+4)
-1 -1 1
T2(w+2) 272(ANC(v+2)  27H(RNI(v + 3)

ag =

-1

% = @IV + &)

We can see the pattern taking shape.
(-1

(I (v L)

The result then becomes

a forreven. .. Putr=2k
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axy = 1" k=1,2,3
AT PRI (v+Rk+T) T

Therefore, we can write the new form of the series for y as

x2

— vV x4
y=X {ZVI‘(V T 2ZRANT+2) T 2He)Tv+3) }

This is called the Bessel function of the first kind of order v and is denoted
by Ju(x).

) X\ 1 x> xt
S h(x) = (é') {I‘(V 1) - 22(1NT(v + 2) +24(2!)1“(v+ 3) - }

This is valid provided visnot ............

a negative integer

— otherwise some of the terms would become infinite.

If we take the other value for ¢, i.e. ¢ = —v, the corresponding result
becomes

X —v 1 x2 X4
J-v(x) = (5) {F(l V) 20—y @G-V }

provided that v is not a positive integer.
In general terms

oy (—1)*x%
() = (5) k; 2 (KNC(v+k+ 1)

x v X (—l)kXZk
Jv(x) = (5) g 22 (kNC'(k—v+1)

The convergence of the series for all values of x can be established by
the normal ratio test.

J.(x) and J_,(x) are two independent solutions of the original
equation. Hence, the complete solution is

y = AJy(x) + BJ_y(x)
where A and B are constants.

Make a note of the expressions for J,(x) and ]_,(x).
Then on to the next frame
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Some Bessel functions are commonly used and are worthy of special
mention. This arises when v is a positive integer, denoted by n.

X\ S —1)kx%
I =(3) ; ZZk(k!()I‘(1)1 TR+ 1)
From our work on gamma functions, I'k+ 1) = k! fork=0, 1, 2, ...
" IT'n+k+1)=(n+k)!
and the result above then becomes

]n(X) SR

(L) ky2k
In(x) ( ) Z sz(k|)(n+k)|

We have seen that J,(x) and J_,(x) are two solutions of Bessel’s
equation. When v and —v are not integers, the two solutions are
independent of each other. Then y = AJ,(x) + BJ_,(x).

When, however, v=n (integer), then J,(x) and J_,(x) are not
independent, but are related by J_,(x) = (=1)"J(x). This can be shown
by referring once again to our knowledge of gamma functions.

T(x+1)=xT(x) .. T(x)= F("“)

and for negative integral values of x, or zero, I'(x) is infinite.
From the previous result:

A S N o Vi _
T (0= (3) > mmrgovey KO L2

Let us consider the gamma function I'(k — v + 1) in the denominator
and let v approach closely to a positive integer n.

Then 'k-—v+1)->T(k—n+1).

Whenk—n+1<0,i.e whenk < (n- 1), thenI'(k — n + 1) is infinite.
The first finite value of I'(k — n+ 1) occurs for k = n.

When values of I'(k — v + 1) are infinite the coefficients of J_,(x) are
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Z€ro

The series, therefore, starts at k =n

‘ Y\ (_l)kxzk
- Jn(x) = (5) Z 2%(KNT'(k —n+1)

-3 (1) Putk=p+n
2 ZA(KNT(K — 1 + 1) =r

( 1)p+n 2p+n

= Z 22+ (K1) (K — n)!

—1yx2ptn
=(= 1) Z ZZP(“L"(p)";Ep—Fn)'

00 ( 1)ﬂx2p
=(-1)" ( ) Zo ZZp(p[)(p+n)|
_ n . (_1) XZk
= 1(3) ; 2 (k) (k )]

J-n()= (=1)"Jn(x)
So, after all that, the series for J,(x) =............

x\" (1 1 X\ 2 1 X\ 4
Jnx) = (E) {E‘ (n+1)! (E) Tenm+2) (5) Co }
From this we obtain two commonly used functions
Io (X) T

2 6
000 =1 6 o ) -

and Jix)=....oo..t.

Ji) =3 {1 - (1!)1(21) (325)2+ (2!)1(31) (%)4+ . }

Bessel functions for a range of values of n and x are tabulated in
published lists of mathematical data. Of these, Jo(x) and /i (x) are most
commonly used.
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Graphs of Bessel functions Jo(x) and J,(x)

T T T 77T

<

05

Legendre's equation

Another equation of special interest in engineering applications is
Legendre’s equation of the form

(1=x2)y" —2xy’ +k(k+1)y=0

where k is a real constant.

This may be solved by the Frobenius method as before. In this case,
the indicial equation gives ¢ = 0 and c = 1, and the two corresponding
solutions are

@ c=0: y=a0{1_k(k2"!' l)xz+k(k—2)(k44!- 1)(k+3)x4_m}
(b) c=1: y=a1{x—wxa
k= 1)(k—3)(k+2)(k+4
b2 é(, X )xs—...}

where g and a; are the usual arbitrary constants

Legendre polynomials

When k is an integer (1), one of the solution series terminates after a
finite number of terms. The resulting polynomial in x, denoted by
P,(x), is called a Legendre polynomial, with g, or a; being chosen so that
the polynomial has unit value when x = 1.

For example Py(x)=............
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Py(x) = —;—(sz -1)

Because, in Py(x), n=k=2

y=ao{1—z;3x2+0+0+...}
=ap{l - 3:%}

The constant ay is then chosen to makey=1whenx =1

ie. 1=ap(1-3) Soag=-1
S P(x)=-3(1-3x%)=1(3x2-1)

Similarly Pi(x)=............

P3(x) = —;— (5x3 — 3x)

Heren=k=3

.o 2x5 4
.y—a1{x— 3 X +0+O+...}

S 3
= h = : -] = . —
y=1whenx=1 ..a1(1 3) 1 m 2

3
L Ps()=-3 (x —%) =%(5x3 - 3x)

Rodrigue's formula and the generating function
Legendre polynomials can be derived by using Rodrigue’s formula

1 d
Pyx) = g (8 = 1)"

so using this formula
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Py(x) = % (35x* — 30x* + 3)

Because

1 4
2441 dx*
1 d
T 384dx?
1 &
T 384dx3
1 &
3840

_ 1 d s 3
_3875(336)‘ —480x° + 144x)

1680x* — 1440x” + 144)

Py(x) = (x® - 1)4

(x® —4x® + 6x* — 4x*> + 1)
(8x7 — 24x° + 2423 — 8x)

56x° — 120x* + 72x> — 8)

1
=384
= % (?,Sx4 —30x2% + 3)

In addition to Rodrigue’s formula, the function

1 o0
—_——— P,(x)t", <1
Visprre i M
is called the generating function for Legendre polynomials and can be
used to obtain some of their properties. For example using this
generating function we find that
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Py(1) =1

Because

When x = 1 the generating function becomes

1 00
=) P(t", ti<1
V1-2t+¢2 ;

1 1 1
= = =(1-t B the left-
V1I-2t+t2 \/(l_t)z A9

hand side is expanded by the binomial theorem to give

Noting that

o0
Q- =1+t+24+8+... =) "
n=0

Therefore ) t"=Y P,(1)t" andso Pu(1)=1
n=0 n=0

By a similar reasoning

Py(-1) = (-1)"

Because
When x = —1 the generating function becomes
1 o0
ViraE
_ 1 _ 1
VI+2t+12 \/(1+t)z 1+t

hand side is expanded by the binomial theorem to give

Noting that =1+, the left-

A+t =1-t+2-B+... = > (~1)"t". Therefore
n=0
D (—1)"" =) Pa(—1)t" and 50 Py(—1) = (-1)"
n=0 n=0
Legendre’s equation, whose solutions are expressed in terms of
Legendre polynomials, is an example of a particular class of

differential equations referred to as Sturm-Liouville systems. In
the following frames we shall look at such systems motre closely.

So on to the next frame
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Sturm-Liouville systems

A boundary value problem that is described by a differential equation
of the general form

(P)y")+(q(x) + xr(x))y=0 for a<x<b and r(x) >0
where the boundary conditions can be written in the form

ary(a) +azy’'(a) =0 and Giy(b) + B2y’ (b) =0
is called a Sturm-Liouville system. Solutions of such a system are in
the form of an infinite sequence of eigenfunctions y,, each correspond-
ing to an eigenvalue )\, of the system forn=0, 1, 2, ....

For example, consider the differential equation

y'+dy=0 for 0<x<5
where here, a = 0 and b = 5. Also

y(0)=0 and y(5)=0
By comparing this equation with the general form given above we can

see that
pxy=............ ;oqx) =l ;o r(X) =l ;
[0 i ﬁz SN

pPx)=1 qx)=0 rx)=1 ax=0; F2=0

Because

By performing the differentiation on the left-hand term of
(p()y"Y +(g(x) + Ar(x))y = 0 we find that the differential equation
can be written as
pAY" + P Xy + (@(x) + Ar(x))y =0
By inspection, comparing this form with the differential equation
y"+ Ay =0 it is easily seen that p(x) =1, q(x) =0, r(x) =1 and
comparing boundary conditions gives az =0 and 4, = 0.
To solve the equation y” + )Xy =0 we use the auxiliary equation
m? + A =0 which has solutions m = +j/X (refer to Engineering
Mathematics (Fifth Edition), page 1077). This means that the solution
can be written in the form

y = Asin vVx + B cos vVAx

Because

When the solutions to the auxiliary equation are of the form
m = a + jg the solution to the differential equation is of the form

y =e*(AsinfBx +BcosBx) and here a=0 and B=+vX
Applying the boundary condition y(0) =0 thenB=............
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B=0

Because

y =AsinvXx +BcosvXx and so y(0)=Asin0+BcosO=B=0.
Therefore y = A sin v/x

Applying the boundary condition y(5) = 0 then

Because

y = Asin/x therefore y(5) = Asinv/A5 =0. If A =0 the solution
reduces to the trivial solution y =0. For a non-trivial solution
sinvA5 =0 and so VA5 =nm, n=0, 1, 2, 3,.... This means that
nm n’n?
\/X—? andso =5z
There is an infinity of eigenvalues, the nth eigenvalue being denoted
2

by A\, where X\, = %2— and to each eigenvalue there is an eigenvector

. . nmx
solution y, = A, sin =

Orthogonality

If two different functions f(x) and g(x) are defined on the interval
a<x<band

b
| rmseax=o

then we say that the two functions are mutually orthogonal. If, on
the other hand, a third function w(x) > 0 exists such that

b
L FRZXW() dx =0

then we say that f(x) and g(x) are mutually orthogonal with respect to
the weight function w(x).

One important property of the solutions to a Sturm-Liouville
system is that the solutions are all mutually orthogonal with respect to
the weight function r(x). For instance, in the previous example the
individual solutions were given as
nax
5
andsoif m#mn

VYn = Apsin where r(x)=1

S
L V(X Yu()r(x)dx =............
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S
[ ymmmCoro ax =0

0
Because
s 5
J Ym(X)Yn(x)r(x) dx = J Ap sin@An sinnsix dx where r(x) =1
0 0
5
= ApAp J sin ™ sin ™ ax
0 5 5
5 —_—
_ AnAn J cos (m-—mmx cos (m+n)mx dx
2 Jo 5 5
_ AmAn _ S . (m —n)mx
T2 [ (m—n)wSln 5
5 . (m+nm]® )
e sin 3 ]0 provided m # n
=0

Summary
1 A Sturm-Liouville system is a differential equation of the form

PRy" +p' )y’ + (@(x) + Mr(x)y =0 for
a<x<band r(x) >0

where the boundary conditions can be written in the form
a1y(a) + ozy’(a) =0 and By (b) + By’ (b) =0

2 Solutions y, to a Sturm-Liouville system are called eigenvectors,
each corresponding to an eigenvalue )\, forn=0, 1, 2,....

3 The solutions y, are mutually orthogonal with respect to the
weighting r(x). That is

b
[ ymGommreodx =0 (m#n)
Keep going

Legendre's equation revisited

The equation (1 — x2)y” — 2xy’ + n(n+ 1)y = 0 is Legendre’s equation
and has Legendre polynomials as solutions. That is

Yn="Py(x)  where Py(1) =1 and Py(-1) = (-1)"
This equation is an example of a Sturm-Liouville system
pX)y" +p’'(x)y" + (q(x) + Ar(x))y = 0 with boundary conditions
a1y(@) + azy’(@)=0 and Biy(b) + B2y’ (b) =0 where
px)=............ ;g = ;o) = ;
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px)=1-%% qx)=0; rx)=1 a1, 02=1,0; B, B=10

Consequently, Legendre polynomials are mutually orthogonal. That
is,if m#n

Jl Pu(x)Pp(x)dx =............
-1

Jl Prm(3)Pa(x)dx = 0
-1

Polynomials as a finite series of Legendre polynomials

Many differential equations cannot be solved by the normal analytical
means and solution by power series provides a powerful tool in many
situations. Furthermore, any polynomial can be written as a finite
series of Legendre polynomials.

Example 1

Show that f(x) = x> can be written as a series of Legendre polynomials.
Assume that

[(x) =x* = anPu(x), then
n=0
x% = agPo(x) + a1Py () + azPy(x) + ...
5x3 —3x

3x2—1
=ap(l) + a1 (x) + ay xz +as 3 +...

Since the left-hand side is a polynomial of degree 2 then any Legendre
polynomial on the right-hand side containing powers of x greater

than 2 must be excluded. Therefore a3 = a4 = ... = 0, so that
a 3 .. 2 a
x* =ag —?2+a1x+§azxz giving az =3 a; =0, ag _?2= 0
therefore ag = %, and
1 2
X = 3Po(®) +3P2(%)
Now you try one

Example 2

The polynomial 1+ x+x3 can be written as a series of Legendre
polynomials in the form
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8 2
1+x+x3=Po(x) + sP1(%) +2P3(x)

Because

1+ x4 x> = agPo(x) + arP1(x) + azP2(x) + ...
21 5x3 —3x

2 +as 2 +...

Since the left-hand side is a polynomial of degree 3 then any Legendre
polynomial on the right-hand side containing powers of x greater
than 3 must be excluded. Therefore a4 = as = ... =0, so that

3x
=ao(1) +a1(x) +az

3_, ®2 23 302103
1+x+x>=ap z+<a1 Za3>x+za2x +2a3x

N

3
a,=0,a1—=a3=1, ap —22 =1 therefore ap =1,

L. a
This gives a3 = 7 5 2

and a; =§so

8 2
1+x+x3 =Po(x) + P1(x) + 5P ()

As usual, the main points that we have covered in this Programme are
listed in the Revision summary that follows. Read this in
conjunction with the Can You? checklist and note any sections that
may need further attention: refer back to the relevant parts of the
Programme, if necessary. There will then be no trouble with the Test
exercise. The set of Further problems provides an opportunity for
further practice.

=

Revision summary 8
1 Higher derivatives

y y(”l)
a a! an
X (a —n)! x
e a'e™

sinax a” sin (ax + n?")
cos ax a" cos (ax + ng)
n
sinh ax % {[1 + (-1)"]sinhax + [1 — (—1)"] coshax}

cosh ax g{[l — (=1)"sinhax + [1 + (-1)"] coshax}
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2 Leibnitz theorem — nth derivative of a product of functions.
Ify=uv

Y0~y | Dy @u(n—z)vm

4 Wzﬁ"—%@ .

“+n(n— 1)(n—2r)'...(n—r+ l)u(”")v(') .
ie y™ = Z"C,u("")v(’).

r=0

(uv)™ can be obtained by expanding (u + v)® using the binomial
theorem where the ‘powers’ are interpreted as derivatives.

3 Power series solution of second-order differential equations
(a) Leibnitz—Maclaurin method

(1) Differentiate the equation n times by the Leibnitz
theorem.

(2) Put x = 0 to establish a recurrence relation.

(3) Substitute n=1, 2, 3,... to obtain y’, y”, y"”,... at x = 0.

(4) Substitute in Maclaurin’s series and simplify where
possible.

(b) Frobenius’ method
Assume a series solution of the form

y=x4ao+ax+ax’*+...+ax +..} ap#0

(1) Differentiate the assumed series to find y’ and y”.

(2) Substitute in the equation.

(3) Equate coefficients of corresponding powers of x on each
side of the equation — usually written with zero on the
right-hand side.

(4) Coefficient of the lowest power of x gives the indicial
equation from which values of ¢ are obtained, ¢ = ¢; and
C=0C.

Case 1: c; and c; differ by a quantity not an integer. Substitute
¢ =c; and ¢ = ¢; in the series for y.

Case 2: ¢; and c, differ by an integer and make a coefficient
indeterminate when ¢ = ¢;. Substitute ¢ = ¢; to obtain the
complete solution.

Case 3: c1 and ¢, (¢1 < ) differ by an integer and make a
coefficient infinite when ¢ = c¢;. Replace ag by k(c —c1).
Two independent solutions then obtained by putting

¢ = ¢ in the new series for y and for %
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In general if ¢; — ¢c; = n where n is a non-zero integer, the
solution is of the form
y=(1+klnx)x*{ao +a1x + ax* +...}
+x%{bo + b1x + bpx* + ...}
Case 4: ¢; and c; are equal. Substitute ¢ = ¢; in the series for y

and for % Make the substitution after differentiating. The
second solution will consist of the product of the first
solution and In x, together with a further series.

In general if ¢; = ¢ =, the solution is of the form
y= 1 +klnx)x{ao +a;x +axx* + ...}
+X{bix+bpx* +...}

4 Bessel’s equation

2y" +xy' + (x> —v*) =0
where v is a real constant.
Bessel functions: Express the two solutions obtained in terms of
gamma functions.

x\Y 1 x2 x*

hx) = (E) {I‘(v T 22T+ 2)  2@NTw+3) }
This is the Bessel function of the first kind of order v — valid for v not a
negative integer.

X\~ 1 x? x4
Also Jy(x)= (5) {I‘(l ) 20T —v) | 22@)T3 ) }
provided that v is not a positive integer.
Complete solution is therefore y = AJ,(x) + BJ_,(x).

When v = n (an integer) J-n(%) = (=1)"Ju(x)
n(1 1 2 4
w0 =) G- 6) *mas )
1 X\ 6
" BYm+3) (E) +}
In particular

2 4 6
T e

and

2 6
i) Z%{l - (11)1(21) (%) + (2!)1(3!) (%)4_ (3!)1(4!) (3) +}

321
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5 Legendre’s equation

(1=x2)p" —2xy’ +k(k+1)y=0
where k is a real constant.

Solution by Frobenius gives

c=0: y=ao{1—k(k;!- 1)x2+k(k—2)(k4_'!- 1)(k+3)x4—...}
c=1: }’=a1{X—4—(k_1;('k+Z)x3
k—1)(k—-3)(k+2)(k+4
NEDIESTES S R

When k is an integer, one series terminates. The resulting
polynomial in x, P,(x), is a Legendre polynomial, with ag or a;
being chosen so that the polynomial has unit value when x = 1.

Rodrigue’s formula

Generating function
1 o0
—_— = P, (x)t"
V1 —2xt +t? ;

Sturm-Liouville systems

(p(x)y")+(q(x) + Ar(x))y = 0 for a < x < b and r(x) > 0 with
boundary conditions a;y(a) + azy’(a) = 0 and Biy(b) + B2y (b) =0
Solutions y, to a Sturm-Liouville system are called eigenvectors,
each corresponding to an eigenvalue )\, forn=0, 1, 2,...

Orthogonality
If two different functions f(x) and g(x) are defined on the interval
a<x<band

b
| rmseoax=o

then the two functions are orthogomal to each other. If a
function w(x) > 0 exists such that

b
| rosemwe ax=o

a
then f(x) and g(x) are orthogonal to each other with respect to the
weight function w(x).
The solutions of a Sturm-Liouville system y, are mutually
orthogonal with respect to the weighting r(x). That is

b
|| pmGommGoreyax =0 (m#m)
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9 Legendre polynomials are mutually orthogonal
If m # n then

J L P (x)Pa(x)dx = 0

The orthogonality of the Legendre polynomials permits any
polynomial to be written as a finite series of Legendre polynomials.

¥4 Can You?

Checklist 8
Check this list before and after you try the end of Programme test.

On a scale of 1 to 5 how confident are you that Frames
you can:

e Obtain the nth derivative of the exponential and
circular and hyperbolic functions?

Yes [] [] [] ] [] No

e Apply the Leibnitz theorem to derive the nth derivative
of a product of expressions?

Yes [] ] [] [] [] No

e Apply the Leibnitz—-Maclaurin method of obtaining a
series solution to a second-order homogeneous
differential equation with constant coefficients?

Yes [] ] [] ] ] No

e Apply Frobenius’ method of obtaining a series solution
to a second-order homogeneous differential equation
for different cases of the indicial equation?

Yes (] [] ] ] [] No

e Apply Frobenius’ method to Bessel’s equation to derive
Bessel functions of the first kind?

Yes [] [] ] [] ] No

e Apply Frobenius’ method to Legendre’s equation to
derive Legendre polynomials?
Yes [ O [ [ [0 No

e Use Rodrigue’s formula to derive Legendre polynomials

and the generating function to obtain some of their
properties?

Yes ] 1 [] [] ] No
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e Recognise a Sturm-Liouville system and the
orthogonality properties of its eigenfunctions?

Yes ] U] ] ] ] No

e Write a polynomial in x as a finite series of Legendre
polynomials?

Yes [ [ O [ @O No

4 Test exercise 8

1 If y = ¢’ show that y” = y’(2x + 1) + 2y and hence prove that
Y = 2x + 1)y L 2(n+ 1)y™,
2 Obtain a power series solution of the equation
(1+x*)y" —=3xy' =5y =0
up to and including the term in x°.
3 Determine a series solution for each of the following.
@ 3xy"+2y'+y=0
(b) y" +xy =0
© xy"+3y'—y=0.

1 d
2nnl dxn
polynomials P,(x) and P;(x), and show that P,(x) and P3(x) are
orthogonal on (-1, 1).

4 Use Rodrigue’s formula Py(x) = (x*— 1)" to derive the Legendre

5 Write f(x) = 1 — 2x2 as a series of Legendre polynomials.

Further problems 8

(a) Use the Leibnitz theorem for the following.

1 If y = x3¢*, determine y®).
Find the nth derivative of y = x3¢~* for n > 3.
If y = x3(2x + 1)?, find y®.

Find the 6th derivative of y = x* cos x.

ok wWN

If y = e *sin x, obtain an expression for y®,
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6
7

10

11
12

13

Determine y® when y = x*In x.
If x2y" + xy’ + y = 0, show that
2y®2 4 20+ )xy™D) 4 (n? + 1)y™ = 0.

If y = (2x — m)* sin(%), evaluate y(® when x = 7/2.

If y = e * cos x, show that y®) + 4y = 0.

Find the (2n)th derivative of (a) y = x%sinhx
(b) y =x3coshx.

If y = (x3 + 3x2)e?*, determine an expression for ().

Find the nth derivative of y = e-** cosax and hence determine y®).
sinx

If y= 1—_7, show that

@ (1-x2)py" -4y’ —(1+x*)y=0
) y2D 2 +3n+1)y™ —n(n—-1)y™»2 =0atx=0.

(b) Use the Leibnitz—Maclaurin method to determine series solutions for the
following.

14
15
16
17
18

(1 +x2)y" +xy' — 9y =0.
x+1py"+(x-1)y'—2y=0.
(1 —x2)y" —7xy' —9y = 0.

(1 —x2)y" —2xy' +2y = 0.
xy" +y'+2xy =0.

(c) Use the method of Frobenius to obtain series solutions of the following.

19
20
21
22
23
24
25

3xy" +y' —y=0.
y'+y=0.
y"—xy=0.

3xy” + 4y’ +y =0.
y"—xy'+y=0.
xy”" =3y’ +y=0.
xy" +y' —=3y=0.

325
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26

27

28

29

30

31

Verify that y” + Ay =0 where y'(0)=0 and y(2)=0 is a Sturm-
Liouville system. Find the eigenvalues and eigenfunctions of the
system and prove that they are orthogonal in (0, 2).

Series solutions of the equation y” —2xy’+2ny =0 are known as
Hermite polynomials, H,(x), where

Hy(x) = (-1)"¢" (fx—'; ()

Derive the first four Hermite polynomials and show that they are
orthogonal with respect to the weight e in (—oo, ).

Series solutions of the equation xy” + (1 — x)y’ + ny = 0 are known as
Laguerre polynomials, L,(x), where

n

Ln(x) = (x"e™)

e

Derive the first four Laguerre polynomials and show that they are
orthogonal with respect to the weight e™* in (0, o).

Given the generating function for Laguerre polynomials L,(x) as

e—xt/(l—t) . n(X)
1-t “; nrt

show that L,(0) = n!
Given the generating function for Hermite polynomials H,(x) as
eZD(—tZ — iHn(x) "

!
=0 n!

show that Hpp,,1(0) = 0.
Given the generating function for Legendre polynomials Py(x) as
1 o0
—_—— =) P,(x)t"
V1—2xt+ 12 ; ()

show that P5,,1(0) = 0.




